2 Chain models, p-groupings, and chains of subchains Chain models were first introduced by Palmer and Shapiro (1993) , and we have extended them (Egli and Stewart, 2000a; 2000b) , as have Chard and Shapiro (2000) , and others, to provide a description mechanism useful in the representation of geometric systems (Palmer and Shapiro, 1993) , physical systems (Chard and Shapiro, 2000; Egli and Stewart, 2000a; 2000b; Palmer, 1995; Palmer and Shapiro, 1993) , nonphysical processes such as mesh refinement (Egli and Stewart, 2000a) , and other systems. In subsection 2.1, we give a general description of chain models, including a series of examples. The first of these examples, which involves a simple geometric object, reflects the origins, in algebraic topology, of chain models. Chain models are, however, useful in contexts other than geometric realization, and subsequent examples show applications for which only part, or none, of the model corresponds to a geometric realization. The series of examples culminates in the idea of a p-grouping, which does not necessarily have any link with a model of a real physical object; in subsection 2.2 we describe chains of subchains in the context of p-groupings. It is the concept of p-grouping that is used later in the paper.
Chain models and p-groupings
The chain-model formalism permits the specification and manipulation of attributes associated with topological elements of objects. In particular, it permits the inclusion of arbitrary data relating to an object, including topological, geometric, and physical data.
Objects defined by means of the chain-model formalism are abstract cellular complexes which do not necessarily have geometric information associated with them. Such a complex describes an object in terms of cells of various dimensions, and specifies the topology of the object. As a first example, which is very close to the origins of cellular complexes in algebraic topology, we take a simple geometric cellular complex. Before introducing it, we consider the preliminary idea of a cube, which can be decomposed into one 3-cell (the entire cube); six 2-cells (the faces, including their edges); twelve 1-cells (the edges, including their vertices); and eight 0-cells (the vertices at the corners of the cube). Then, for the first in our series of examples, we take a slightly more complicated object, namely, two cubes sharing one face. This object has two 3-cells, eleven 2-cells, twenty 1-cells, and twelve 0-cells. A chain model permits the storage and manipulation of information associated with various cells of the complex by means of chains (Elter and Lienhardt, 1992; Palmer, 1995; Palmer and Shapiro, 1993; Requicha, 1977) . A p-chain is defined by associating a coefficient with each p-dimensional cell of the complex. These coefficients correspond exactly to the attributes mentioned earlier. For example, in the case of the two adjoining cubes, we might define a 2-chain by specifying the amount of fluid passing through each of the eleven 2-dimensional faces of the complex, as illustrated in figure 1 Figure 1 . Fluid flow through the faces of two adjoining cubes.
(which shows only two of the eleven coefficients: the flow entering the nearer 3-cell from the outside left, and the flow from the nearer 3-cell to the further 3-cell).
We then define operations on chains in order to permit global (that is, over the entire object) manipulation of the coefficients. To illustrate by means of the very simple example above, we might add a constant to each of the eleven flows in the 2-chain already defined. Or, if we also have a second 2-chain on the same complex, with coefficients corresponding to the area of each 2-cell, we might divide the flow by the area, on a cell-by-cell basis, to obtain a third 2-chain with coefficients corresponding to flow per unit area. We have previously given examples of the use of such models and operations (Egli and Stewart, 2000a) ; other examples include a mass-spring network to model a flag waving in the wind (Provot, 1995) , and the classical surface-subdivision algorithm of Catmull and Clark (1978) . The mass-spring network modelling a flag will serve as the second in the series of examples that we present in this subsection. In this case, it turns out to be useful to add supplementary springs which have no physical realization (Egli and Stewart, 2000a; Provot, 1995) , as illustrated in figure 2 (where each supplementary spring is seen to jump over an intermediate 0-cell).
Thus, in this case, we might view part of the cellular complex as corresponding to a geometric realization, and part of the complex as a heuristic, auxiliary, nongeometric artifact that happens to improve the quality of the simulation.
The third example in this series also illustrates the point that a cellular complex need not correspond directly to a geometric realization. The starplex introduced by Chard and Shapiro (2000) , and illustrated in figure 3, is useful for modelling certain physical processes, but it is not by itself geometric. It is a subset, used in approximations of distributed phenomena, of the usual cubical cell complex.
The basic topological elements in the formalism are 0-cells, 1-cells (which are collections of 0-cells), 2-cells (which are collections of 1-cells), and so on. The definition is recursive: a p-cell is composed of p 1 or more ( p À 1)-cells, (where p 5 1), where the 0-cells (vertices) are taken as primitive. The set of p-cells is denoted by S p , 0 4 p 4 n, and an n-complex K is defined as a collection of n 1 finite sets S 0 , S 1 , XXX, S n together with a corresponding set of n 1 algebraic boundary operations q p , 0 4 p 4 n; the operator q p associates to each element of S p some combination of elements of S pÀ1 , which constitute its boundary. The cells in the boundary of a given cell are called the faces of the cell, and the cells whose boundary includes the given cell are called the cofaces of the cell. As observed by Palmer and Shapiro (1993) , the faceĉ oface relationships amongst all cells capture all incidence information in a cell complex.
It is clear from the preceding paragraph that we can view a (nongeometric) cellular complex as a certain special type of list structure which, although often convenient for the description of systems in real space R 3 , does not necessarily have any intrinsic geometric meaning associated with it. This leads us to the concept of a generalized cell, or p-grouping (Egli and Stewart, 2000a) : certain elements are taken as primitive (these are the 0-groupings), collections of these are considered to be 1-groupings, collections of these are considered to be 2-groupings, and so on. As the fourth (and last) in the series of simple examples presented in this subsection, we mention an application we have described previously (Egli and Stewart, 2000a ). The rendering method described by Brie© re and Poulin (1996) groups together rays forming a bounding shaft; these rays can be viewed as 1-cells, and the shaft viewed as the 2-cell they constitute. The 1-cells here do not fit together in any way that resembles a geometric 2-cell.
In section 3, below, we use the idea of a p-grouping to structure shape patterns. The value of p will have nothing to do with geometric dimension: in fact, in a typical example, the p-grouping will involve objects of geometric dimension 2 for all values of p.
Chains of subchains
Suppose now that we are given a p-grouping, that is, a p-dimensional cellular complex that does not necessarily have any geometric information associated with it. For example, the topology of such a grouping in the case p 2 might be defined by a 263 array of 2-dimensional cells, with each cell containing a coefficient specifying, say, a colour. An important fact to note here is that the coefficient might be anything: a scalar defining an area, a red-green-blue triple defining a colour, a vector in R 3 defining a normal direction, or any other quantity.
We now use this generality to permit the coefficient itself to be another chain, or subchain, on the complex (Egli and Stewart, 2000b) . Thus, in figure 4, the coefficient of the upper left-hand 2-cell A is itself a 1-subchain defined on the four 1-cells of the complex that are adjacent to A; the coefficients associated with the four 1-cells in this subchain are specified by the vector (7, 5, 2, 1). Similarly, the coefficient of the adjoining 2-cell, labelled B, is again a 1-subchain; it is defined on four 1-cells of the complex: namely, those adjacent to B. In our example, the coefficients associated with the four 1-cells in this second subchain are specified by the vector (4, 2, 3, 11). Similar remarks apply to the remaining 2-cells in the complex. The entire structure, a chain of subchains, will be referred to as a (2, 1)-chain, and it is defined by the vector of vectors 7, 5, 2, 1, 4, 2, 3, 11, 1, 9, À2, 2, 3, 4, 1, 7, 1, 6, 2, À3, 1, 10, 4, 3 .
The jth coefficient of the ith component of the major vector is a quantity associated with the pair ith 2-cell; jth 1-cell adjacent to the ith 2-cell .
In a previous paper (Egli and Stewart, 2000b) , chains of subchains were defined for general p and q, and referred to as ( p, q)-chains, that is, a p-chain with q-subchains as coefficients. They were used in the description of mass-spring networks with torques, and in an example of fluid modelling. Here, we only need to use chains of subchains with q p À 1 (such as the (2, 1)-chain just given as an example, where p 2 and q 1). These are used below, to represent shape patterns.
3 Shape patterns structured as p-groupings In this section we give a brief description of shape patterns, with particular reference to the approach of Cha and Gero (1998) , who consider bounded polyline shapes and combinations of such shapes. We then discuss how these shapes can be structured by means of p-groupings.
Most shapes are composed of subshapes; those that are not are called primitive shapes. Shapes may be grouped together at several levels. Examples of shapes of interest in architecture include planar patterns, such as the Campidoglio (illustrated in Cha and Gero, 1998, figure 38) ; overlapped patterns, such as those illustrated in figure 5 , and even three-dimensional patterns such as the two intertwined helical staircases at Chambord (de Montgolfier, 1971) .
One method (Cha and Gero, 1998) of describing relationships amongst shapes and groups of shapes, is by means of predicates, and transformations such as translation (denoted here by t) and rotation (denoted here by r). Thus, if e 1 is a shape element, d a scalar specifying translation distance, and a an axis specifying translation direction, then te 1 , (d, a) is the corresponding translated shape element. Similarly, if a is the angle of rotation and c is the centre of rotation, then re 1 , a, c) is the corresponding rotated shape element. These two examples are illustrated in figure 6 . Patterns involving multiple copies of the basic shape can be specified by use of the operator P of Cha and Gero (1998) . For example, produce, respectively, the translation and rotation patterns shown in figure 7 . (Here, a is a curvilinear axis.) Combining these two ideas, we might define each of the six spokes in figure 8 by means of the iterated translations
where a j is the axis associated with S j , and then define the entire figure by means of subsequent iterated rotation. Note that the basic shape e 1 (a circle, a square, etc) is different for each value of j. It will be convenient to use the following, alternative, notation. Let p denote a pattern, which is to be translated along an axis a, and let t Â p, (d, a) Ã denote the translation of this pattern a distance d along the axis a. If the translation is applied k times, we write
Then, for example, the expression displayed for S j , above, can be viewed as the union of t k p j ,(d, a j ) Ã for k 1, XXX , 4, where p j is the basic shape pattern corresponding to S j . A similar extension of the definition is made to define r k Â p, (a, c) Ã , k 5 0. The important notational distinction between the use of e and p is that a subscript on p denotes two different initial patterns, whereas the subscript i, as in e i , denotes the number of times (minus 1) that the initial pattern e 1 has been translated. Our notation is thus slightly different from that used by Cha and Gero (1998) , but the definitions given here make the present paper self-contained with respect to notation. Cha and Gero (1998) then suggest that sets of relationships be composed in the form of a hierarchical tree structure. In the example of figure 8, this would produce a tree whose root corresponds to the entire pattern, and whose six branches lead tò children' corresponding to each of the patterns S 1 , S 2 , XXX , S 6 . Continuing at the next lower level of the tree, each node S j would have four children, each corresponding to a basic shape. A shortcoming of this representation is the arbitrary nature of the division between S 1 and S 6 . Because the pattern shown in figure 8 is completely symmetrical, a concise and elegant representation of the pattern should treat the relationship between S 6 and S 1 in exactly the same way as the relationship between S jÀ1 and S j , j P f2, XXX, 6g. In contrast to the hierarchical tree structure, a completely symmetric representation can be obtained by considering the basic shapes to be 0-groupings, the spokes of the pattern to be 1-groupings, and the pattern of figure 8 to be a 2-grouping. Continuing, if the entire pattern consists of an array of three six-spoke stars, like the one illustrated in figure 8, then it can be represented as a 3-grouping made up of three 2-groupings, as illustrated in figure 9 . This representation is, of course, not a hierarchical tree structure, because, as shown in figure 9 , it contains cycles, and a tree is by definition a nonempty, connected, acyclic graph. We will describe this representation and its implementation below, but only up to the level of a single 2-grouping. This will be sufficient to permit a clear exposition of the principles involved. Recall that in our example, each S j is a 1-grouping made up of four 0-groupings. The coefficient of each 0-grouping specifies a basic shape: for example, in figure 8, it is a diamond for the 1-grouping S 1 , a pentagon for the 1-grouping S 2 , and so on for S 3 , S 4 , S 5 , and S 6 . [These coefficients correspond to the variables at the leaves of the tree mentioned by Cha and Gero (1998) ].
At the next higher level in the chain model, the relationship between the basic shapes on a single spoke can be specified by a (1, 0)-chain with coefficients specifying the translations in the shapes
where p j is the basic shape (assumed to be positioned at the origin) corresponding to S j and a 1 is the axis corresponding to S 1 . Continuing to the next higher level, we can specify the relationship between spokes in a completely symmetric way, relative to a given 2-grouping (that is, relative to a given six-spoke star), by means of a (2, 1)-chain with coefficients specifying the rotations in the shapes
where c is the centre of rotation of the six-spoke star. Here
Exactly analogous methods can be used to represent other hierarchical patterns. For example, the pattern of figure 19 of Cha and Gero (1998) can be represented by a 3-grouping made up of four 2-groupings, each of which is made up of two 1-groupings, each of which, finally, is made up of four 0-groupings. We have emphasized by our choice of examples that there is no requirement that adjacency must correspond to, say, ordinary adjacency of geometric 2-cells in the plane. On the other hand, there is nothing in our approach that excludes this possibility: adjacency within the 2-groupings would in this case reduce to ordinary adjacency in a planar graph, as shown by Steadman (1983) .
It may be seen from our examples that the advantages to be obtained from using chain models for the representation of patterns, come both from an increase in topological generality (in particular, there is no restriction to a tree structure), and from an increase in the level of abstraction (in particular, adjacency does not necessarily correspond to ordinary geometric adjacency in the plane). On the other hand, it may be of interest to observe that in structuring patterns as p-groupings, we have alternately increased and decreased the level of abstraction, as convenient. We began with a representation of chains whose origins are in geometric descriptions, and abstracted them to a general nongeometric representation of structure as groupings, maintaining dimension; these abstract groupings were then reinvested with geometrical meaning through the coefficients in the chains. (1) 4 Implementation We now give a summary description of the use of our API for the implementation of the pattern used in section 3, up to the level of a single six-spoke star. It will be clear from this example how such patterns can be implemented in general.
As mentioned earlier, we first need a 0-chain of basic shapes. Each coefficient of this chain is a basic shape associated with a single 0-grouping. One way to implement this is to have an integer for each basic shape (for example, 1 for a square, 2 for
(1) For this observation, and the phrasing used here, we are grateful to an anonymous referee. a circle, etc), in which case the 0-chain of basic shapes is a 0-chain of integers. This was the method we adopted.
Consider now the required translations and rotations: a (1,0)-chain of translations and a (2, 1)-chain of rotations are used in the example. Each of these transformations could be implemented by means of a 363 matrix (Foley et al, 1993, chapter 5) in two dimensions, (2) so that we would have a (1,0)-chain and a (2,1)-chain of 363 matrices.
Another way to represent the transformations is to store explicitly the type of the transformation and its parameters. With this approach, it is easy to compare the degree of similarity of two shapes. To use this method, however, we need a new kind of coefficient on chains: Translation, Rotation, etc. (3) In our implementation of the example, we have a base classöTransformationöand derived classesöRotation, Translation, etc. To create a new (1,0)-chain of Transformation with the API, we simply write Chain2 transformation chain10 translation1Y 0Y shape complex, where Chain2 transformation declares a chain of subchains of transformation with the name chain10 translation, having dimensions 1 and 0 [a (1,0)-chain]; this chain is defined on the complex named shape complex.
In the example described, all the coefficients of the (1, 0)-chain are translations but, in general, the coefficients may be of mixed type. The parameters of the translations must also be specified. The pseudocode for this is:
for each 1-grouping S j j 1, 2, XXX , 6 in the shape complex do for each 0-grouping B k k 1, 2, 3, 4 that is adjacent to the 1-grouping S j do chain10 translation.coefficientS j , B k translation in equation (1) .
The method coefficient permits the value of the coefficient associated with a p-grouping (for a chain) or associated with two p-groupings (for a chain of subchains) to be set. Note that the translation mentioned in the pseudocode has the axis a 1 and a displacement of kd, where d is the distance between two adjacent basic shapes on a spoke. Continuing the example for a typical six-spoke star G l , we must specify the (2, 1)-chain of rotations, which is declared as Chain2 transformation chain21 rotation (2,1, shape complex), and which is set with the pseudocode for each 1-grouping S j that is adjacent to the 2-grouping G l do chain21 rotation.coefficient G l , S j rotation in equation (2).
The parameters of the rotations are the centre of rotation c and the angles of rotation, namely 60( j À 1) degrees. The actual code is very similar to the pseudocode, but we have omitted the details of the C syntax, such as the use of pointers, as these details are not relevant here.
(2) In three dimensions, a 464 matrix would be used. (3) In our system (Egli and Stewart, 2000a) , it is very easy to add new kinds of coefficient.
Conclusion
In this paper we have shown how, in the context of design specification, shape patterns can be conveniently represented by means of chain models and, in particular, the use of chains of subchains. A detailed example, with a description of an implementation, was also presented. This example illustrates an advantage of the chain-model formulation in the case where the pattern has natural radial symmetry. It was also noted that the chain-model formulation subsumes the previously suggested approach, a tree representation, as a special case.
